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Abstrat
We give haraterizations, for various fragments of geometri logi,
of the lass of theories lassied by a loally onneted (resp. onneted
and loally onneted, atomi, ompat, presheaf) topos, and exploit
the existene of multiple sites of denition for a given topos to establish
some properties of quotients of theories of presheaf type.
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1 Introdution
Given the fat that Grothendiek toposes are `the same thing as' Morita-
equivalene lasses of geometri theories, it is naturally of interest to investi-
gate how lassial topos-theoreti properties of toposes translate into logial
properties of the theories they lassify.
Charaterizations of the lass of geometri theories lassied by a Boolean
(resp. De Morgan) topos have been provided in [4℄. In the third setion of
this paper, we provide syntati haraterizations, for various fragments of
geometri logi, of the lass of theories lassied by a loally onneted (resp.
onneted and loally onneted, atomi, ompat, presheaf) topos. Also, we
establish riteria for a geometri theory over a given signature to be artesian
(resp. regular, oherent).
In the last setion, given a quotient T
′
of a theory of presheaf type T
orreponding to a Grothendiek topology J on the opposite of the ategory of
nitely presentable T-models as in [2℄, we disuss how `geometrial' properties
of J translate into syntati properties of T′. In this ontext, we also show
that, given a theory of presheaf type T, the ategory of nitely presentable
models of T is equivalent to a full subategory of the syntati ategory of
T.
Our tehnique to establish these latter results is to transfer topos-theoret-
i invariants (i.e. properties of objets of toposes whih are stable under
topos-theoreti equivalene) from one site of denition of a given topos to
another.
The terminology used in the paper is borrowed from [5℄ and [6℄, if not
otherwise stated. Our notion of site is that that of a small Grothendiek site;
anyway, all the results on sites established in the paper an be (trivially)
extended to essentially small sites of the form (C, J) where C is an essentially
small ategory.
2 Some geometri invariants
Let us start with some general fats about dense subategories. We reall
from [6℄ the following denition.
Denition 2.1. Let (C, J) be a site. We say a subategory D of C is J-dense
if
(i) every objet c of C has a overing sieve R ∈ J(c) generated by mor-
phisms whose domains are in D; and
(ii) for any morphism f : c→ d in C with d ∈ D, there is a overing sieve
R ∈ J(c) generated by morphisms g : b→ c for whih the omposite f ◦ g is
2
in D.
Let us denote by Groth(C) the Heyting algebra of Grothendiek topologies
on a ategory C (fr. [2℄). Given a subategory C′ of C, we denote by
GrothC′(C) the subset of Groth(C) formed by the Grothendiek topologies
J on C suh that C′ is J-dense.
There is an obvious notion of intersetion of subategories; speially,
given a olletion {Ci | i ∈ I} of subategories of a ategory C, we an dene
their intersetion C′ by putting ob(C′) =∩
i∈I
ob(Ci) and arr(C
′) =∩
i∈I
arr(Ci)
i.e. given an arrow f : a→ b in C, f belongs to arr(C′) if and only if it belongs
to arr(Ci) for every i ∈ I. It is immediate to see that C
′
is a subategory of
C.
We note that, for any Grothendiek topology J on C, any nite interse-
tion of subategories of C whih are J-dense is again J-dense; indeed, this
easily follows from the fat that a nite intersetion of J-overing sieves is
again J-overing.
The following result provides a ouple of useful fats about dense subat-
egories.
Proposition 2.2. Let C be a ategory. Then
(i) GrothC′(C) is losed in Groth(C) under arbitrary (non-empty) interse-
tions (i.e. meets in Groth(C)) and under taking larger topologies, and hene it
is an Heyting algebra inheriting the Heyting operations from Groth(C) whose
maximal element is the maximal Grothendiek topology on C and minimal
element is the intersetion of all the topologies in GrothC′(C);
(ii) Let C′ and C′′ subategories of C suh that C′ is a subategory of C′′.
Then C′ is J-dense if and only if C′ is J |C′′-dense (as a subategory of C
′′
)
and C′′ is J-dense.
Proof (i) The rst assertion is obvious while the seond easily follows
from the fat that arbitrary (non-empty) unions of J-overing sieves are
J-overing.
(ii) Suppose that C′ is J-dense. Then, by part (i) of the proposition, C′′
is J-dense, and it is immediate to see that C′ is J |C′′-dense (as a subategory
of C′′). The onverse follows from the fat that `omposition' of J-overing
sieves (in the sense of Denition 2.3 [2℄) is J-overing. 
We note that a small full subategory of a Grothendiek topos E is JE-
dense, where JE is the anonial Grothendiek topology on E , if and only if
it is a separating set for E .
Let us also reall the following notions.
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Denition 2.3. Let E be a Grothendiek topos and A an objet of E . Then
(i) A is said to be an atom if the only subobjets of A in E are the identity
on A and the zero subobjet, and they are distint from eah other;
(ii) A is said to be indeomposable if does not admit any non-trivial
oprodut deompositions;
(iii) A is said to be irreduible if it is JE-irreduible, where JE is the
anonial topology on E ; in other words, if any sieve in E ontaining a small
epimorphi family ontains the identity on A;
(iv) A is said to be ompat if every small overing family {Ai → A | i ∈
I} ontains a nite overing subfamily;
(v) A is said to be oherent if it is ompat and, whenever we are given
a morphism f : B → A with B ompat, the domain of the kernel-pair of f
is ompat;
(vi) A is said to be superompat if every small overing family {Ai →
A | i ∈ I} ontains a over;
(vii) A is said to be regular if it is superompat and, whenever we are
given a morphism f : B → A with B superompat, the domain of the
kernel-pair of f is superompat.
Reall that an objet in a loally onneted topos is indeomposable if
and only if it is onneted (fr. the disussion after the proof of Lemma
C3.3.6 [6℄).
Remark 2.4. It readily follows from the denitions that every oherent
(resp. regular) objet is ompat (resp. superompat), every atom is an
indeomposable objet, every irreduible objet is superompat, every su-
perompat objet is indeomposable.
Let us reall from [6℄ the following terminology.
A site (C, J) is said to be loally onneted if every J-overing sieve is
onneted i.e. for any R ∈ J(c), R is onneted as a full subategory of C/c.
A site (C, J) is said to be atomi if C satises the right Ore ondition and
J is the atomi topology on C.
Given a site (C, J),
(i) we say an objet c of C is J-irreduible if the only J-overing sieve on
c is the maximal sieve M(c);
(ii) we say J is rigid if, for every c ∈ C, the family of all morphisms from
J-irreduible objets to c generates a J-overing sieve. The site (C, J) is said
to be rigid if J is rigid as a Grothendiek topology on C.
We will say that a site (C, J) is oherent (resp. regular) if C is artesian
and J is a nite-type Grothendiek topology on C (resp. a Grothendiek
topology J suh that every J-overing sieve is generated by a single arrow).
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Given a site (C, J), we denote by lCJ : C → Sh(C, J) the omposite of
the Yoneda embedding C → [Cop,Set] with the assoiated sheaf funtor
aJ : [C
op,Set]→ Sh(C, J). We have the following result.
Proposition 2.5. Let (C, J) be a site. Then
(i) if (C, J) is loally onneted then for eah c ∈ C, lCJ(c) is an indeom-
posable (equivalently, onneted) objet in Sh(C, J);
(ii) if (C, J) is atomi then for eah c ∈ C, lCJ(c) is an atom in Sh(C, J);
(iii) if (C, J) is rigid then for eah c ∈ C suh that c is J-irreduible,
lCJ(c) is an indeomposable projetive (equivalently, an irreduible objet) of
Sh(C, J);
(iv) if (C, J) is oherent (resp. regular) then for eah c ∈ C, lCJ(c) is a
oherent (resp. regular) objet of Sh(C, J).
Proof (i) and (ii) were proved in [3℄.
To prove (iii), we note that if (C, J) is rigid then the Comparison Lemma
yields Sh(C, J) ≃ [Dop,Set] where D is the full subategory of C on the
J-irreduible objets (fr. the disussion after Denition C2.2.18 [6℄) and,
under this equivalene, for eah c ∈ D, lCJ(d) orresponds to the representable
y(d) : D
op
→ Set. Now, it is well-known that all the representables on D
are indeomposable projetive objets in [Dop,Set], from whih our thesis
follows.
Part (iv) was proved in [6℄ (fr. Theorem D3.3.7 and Remark D3.3.10).
We note that if E is equivalent to a presheaf topos then any objet of E is
irreduible if and only if it is indeomposable and projetive. Indeed, by the
argument in the proof of Lemma C2.2.20 [6℄, any indeomposable projetive
objet in E is irreduible. Conversely, if G is the full subategory of E on
the irreduible objets then, by Lemma C2.2.20, G is essentially small and
(G, JE |G) is a rigid site; moreover, by the Comparison Lemma E ≃ Sh(G, JE |G)
and hene Proposition 2.5(iii) implies our thesis.
Let us reall from [6℄ (C2.3.2()) that, for any essentially small site (C, J),
a sieve R on lCJ(c) in Sh(C, J) is epimorphi i the sieve {f : d→ c | l
C
J(f) ∈
R} is J-overing in C. This fat enables us to express properties of objets of
the form lCJ(c) like ompatness, superompatness or irreduibility in terms
of properties of J-overing sieves on c, as follows (point (i) of the following
proposition was proved in [6℄ as Lemma D3.3.4).
Proposition 2.6. Let (C, J) be a site. Then, with the notation above, we
have:
(i) lCJ(c) is ompat if and only if every J-overing sieve on c ontains a
nite family of arrows whih generates a J-overing sieve;
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(ii) lCJ(c) is superompat if and only if every J-overing sieve on c on-
tains a single arrow whih generates a J-overing sieve;
(iii) lCJ(c) is irreduible if and only if every J-overing sieve on c is max-
imal i.e. c is J-irreduible;

It turns out that one an rephrase many interesting properties of Grothen-
diek toposes in terms of the existene of separating sets for them with par-
tiular properties. For example, it is well-known (fr. Lemma C2.2.20 [6℄)
that a Grothendiek topos is equivalent to a presheaf topos if and only if it
has a separating set of indeomposable projetive objets; moreover, we have
the following haraterizations.
Theorem 2.7. Let E be a Grothendiek topos. Then
(i) E is loally onneted if and only if it has a separating set of indeom-
posable objets;
(ii) E is onneted and loally onneted if and only if it has a separating
set of indeomposable objets ontaining the terminal objet of E ;
(iii) E is atomi if and only if it has a separating set of atoms;
(iv) E is oherent (resp. regular) if and only if it has a separating set of
oherent (resp. regular) objets whih is losed in E under nite limits.
Proof (i) Suppose that E is loally onneted; then, by Theorem C3.3.10
[6℄, E is of the form Sh(C, J) for a loally onneted small site (C, J). Then
the objets of the form lCJ(c) for c ∈ C are indeomposable (by Proposition
2.5(i)) and hene they form a separating set for E . Conversely, suppose that
E has a separating set of indeomposable objets; then, by arguing as in the
proof of Theorem C3.3.10 [6℄, we obtain that the full subategory I of E on
the indeomposable objets, equipped with the Grothendiek topology JE |I
on I indued by the anonial overage on E is a loally onneted site; but,
by the Comparison Lemma, E is equivalent to Sh(I, JE |I), so that the thesis
follows from Theorem C3.3.10 [6℄.
(ii) This follows analogously to part (i), by using the `onneted and
loally onneted' version of Theorem C3.3.10 [6℄.
(iii) This was already proved in [3℄ (Proposition 1.3(i)).
(iv) One diretion follows from Theorem D3.3.7 [6℄ and Remarks D3.3.9
and D3.3.10 [6℄. Conversely, suppose that E has a separating set G of oherent
(resp. regular) objets whih is losed in E under nite limits. Then G is
a artesian ategory and, by the Comparison Lemma, E is equivalent to
Sh(G, JE |G); now, by Proposition 2.6(i) (resp. Proposition 2.6(ii)), the site
(G, JE |G) is oherent (resp. regular), and hene, by Theorem D3.3.1 [6℄, E is
a oherent (resp. regular) topos, as required. 
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Remark 2.8. Notie that it follows from the theorem and Remark 2.4 that
any presheaf topos is loally onneted, any regular topos is loally onneted
and any atomi topos is loally onneted. Moreover, it is lear that if E is
a Boolean topos then for any objet A of E , A is an atom if and only if it is
non-zero and indeomposable, from whih it follows that any Boolean loally
onneted topos is atomi.
Remark 2.9. We note that the theorem implies that, given a site (C, J),
if all the objets of the form lCJ(c) for c ∈ C are indeomposable objets
(resp. atoms) of Sh(C, J) then the topos Sh(C, J) is loally onneted (resp.
atomi). Also, provided that C is artesian, if all the objets of the form lCJ(c)
for c ∈ C are regular (resp. oherent) in Sh(C, J) then the topos Sh(C, J)
is regular (resp. oherent). An appliation of this remark in the ontext of
quotients of theories of presheaf type will be provided in setion 4 below.
3 Syntati riteria
Let T be a artesian (resp. regular, oherent, geometri) theory over a sig-
nature Σ. We denote by Cart
T
(resp. Creg
T
, Coh
T
, Cgeom
T
) the artesian (resp.
regular, oherent, geometri) syntati ategory of T and by J reg
T
the regular
(resp. oherent, geometri) topology on Creg
T
(resp. Coh
T
, Cgeom
T
). Reall from
[6℄ that if T is artesian (resp. regular, oherent, geometri) then [Cart
T
op
,Set]
(resp. Sh(Creg
T
, J reg
T
), Sh(Coh
T
, Joh
T
), Sh(Cgeom
T
, Jgeom
T
)) is a lassifying topos
for T. Let us denote by yart
T
: Cart
T
→ [Cart
T
op
,Set] (resp. yreg
T
: Creg
T
→
Sh(Creg
T
, J reg
T
), yoh
T
: Coh
T
→ Sh(Coh
T
, Joh
T
), ygeom
T
: Cgeom
T
→ Sh(Cgeom
T
, Jgeom
T
))
the Yoneda embeddings.
Let us introdue the following notions. Below, by a T-provably funtional
geometri formula from {~x . φ} to {~y . ψ} we mean a geometri formula
θ(~x, ~y) suh that the sequents (φ ⊢~x (∃~y)θ), (θ ⊢~y,~x φ ∧ ψ) and (θ ∧ θ[~z/
~y] ⊢~x,~y,~z ~y = ~z) are provable in T.
Denition 3.1. Let T be a geometri theory over a signature Σ and φ(~x) a
geometri formula-in-ontext over Σ. Then
(i) we say that φ(~x) is T-omplete if the sequent (φ ⊢~x ⊥) is not provable
in T, and for every geometri formula φ in the same ontext either (χ ⊢~x ⊥)
or (χ ∧ φ ⊢~x ⊥) is provable in T;
(ii) we say that φ(~x) is T-indeomposable if for any family {ψi(~x) | i ∈ I}
of geometri formulae in the same ontext suh that for eah i, ψi T-provably
implies φ and for any distint i, j ∈ I, ψi ∧ψj ⊢~x ⊥ is provable in T, we have
that φ ⊢~x∨
i∈I
ψi provable in T implies φ ⊢~x ψi provable in T for some i ∈ I;
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(iii) we say that φ(~x) is T-irreduible if for any family {θi | i ∈ I} of T-
provably funtional geometri formulae {~xi, ~x . θi} from {~xi . φi} to {~x . φ}
suh that φ ⊢~x∨
i∈I
(∃~xi)θi is provable in T, there exist i ∈ I and a T-provably
funtional geometri formula {~x, ~xi . θ
′} from {~x . φ} to {~xi . φi} suh that
φ ⊢~x (∃~xi)(θ
′ ∧ θi) is provable in T;
(iv) we say that φ(~x) is T-ompat if for any family {ψi(~x) | i ∈ I} of
geometri formulae in the same ontext, φ ⊢~x ∨
i∈I
ψi provable in T implies
φ ⊢~x∨
i∈I′
ψi provable in T for some nite subset I
′
of I;
(v) we say that φ(~x) is T-superompat if for any family {ψi(~x) | i ∈ I}
of geometri formulae in the same ontext, φ ⊢~x∨
i∈I
ψi provable in T implies
φ ⊢~x ψi provable in T for some i ∈ I.
Lemma 3.2. Let T be a geometri theory over a signature Σ and φ(~x) a
geometri formula-in-ontext over Σ. Then
(i) φ(~x) is T-omplete if and only if ygeom
T
({~x . φ}) is an atom of
Sh(Cgeom
T
, Jgeom
T
);
(ii) φ(~x) is T-indeomposable if and only if ygeom
T
({~x . φ}) is an indeom-
posable objet of Sh(Cgeom
T
, Jgeom
T
);
(iii) φ(~x) is T-irreduible if and only if ygeom
T
({~x . φ}) is an irreduible
objet of Sh(Cgeom
T
, Jgeom
T
);
(iv) φ(~x) is T-ompat if and only if ygeom
T
({~x . φ}) is a ompat objet of
Sh(Cgeom
T
, Jgeom
T
);
(v) φ(~x) is T-superompat if and only if ygeom
T
({~x . φ}) is a superompat
objet of Sh(Cgeom
T
, Jgeom
T
).
Proof Parts (iii), (iv) and (v) follow immediately from Proposition 2.6, by
using Lemma D1.4.4(iv) [6℄ and the fat that over-mono fatorizations of
arrow exist in Cgeom
T
.
Parts (i) and (ii) follow from the fat that in a topos oproduts are the
same thing as disjoint unions, sine ygeom
T
(Cgeom
T
) is losed in Sh(Cgeom
T
, Jgeom
T
)
under taking subobjets and ygeom
T
: Cgeom
T
→ Sh(Cgeom
T
, Jgeom
T
) is a full and
faithful geometri funtor. 
Reall from [6℄ that a Grothendiek topos E is ompat if and only if the
terminal objet of E is ompat; hene, a geometri theory T over a signature
Σ is lassied by a ompat topos if and only if ygeom
T
({[] . ⊤}) is ompat
in Sh(Cgeom
T
, Jgeom
T
), if and only if for any family {ψi | i ∈ I} of geometri
sentenes, φ ⊢∨
i∈I
ψi provable in T implies φ ⊢∨
i∈I′
ψi provable in T for some
nite subset I ′ of I.
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We note that any artesian (resp. regular, oherent) theory T over a
signature Σ an be regarded as a geometri theory, and hene we have
an equivalene of lassifying toposes [Cart
T
op
,Set] ≃ Sh(Cgeom
T
, Jgeom
T
) (resp.
Sh(Creg
T
, J reg
T
) ≃ Sh(Cgeom
T
, Jgeom
T
), Sh(Coh
T
, Joh
T
) ≃ Sh(Cgeom
T
, Jgeom
T
)); more-
over, it is immediate to see that for any artesian (resp. regular, oherent)
formula φ(~x) over Σ, yart
T
({~x . φ}) (resp. yreg
T
({~x . φ}), yoh
T
({~x . φ})) orre-
sponds under the equivalene to ygeom
T
({~x . φ}).
This remark, ombined with Propositions 2.5 and 2.6, leads to the follow-
ing results. Below, given a geometri theory T over a signature Σ, by saying
that T is equivalent to a artesian (resp. regular, oherent) theory we mean
that T an be axiomatized by artesian (resp. regular, oherent) sequents
over Σ.
Theorem 3.3. Let T be a geometri theory over a signature Σ. Then T
is equivalent to a artesian theory if and only if for any artesian formula
{~x . φ} over Σ, for any family {θi | i ∈ I} of T-provably funtional geometri
formulae {~xi, ~x . θi} from {~xi . φi} to {~x . φ} suh that φ ⊢~x ∨
i∈I
(∃~xi)θi is
provable in T, there exist i ∈ I and a T-provably funtional geometri formula
{~x, ~xi . θ
′} from {~x . φ} to {~xi . φi} suh that φ ⊢~x (∃~xi)(θ
′ ∧ θi) is provable
in T.
Proof Let us suppose that T is artesian. Then the property of {~x . φ} in
the statement of the proposition is equivalent, by Lemma 3.2(iii), to saying
that ygeom
T
({~x . φ}) is irreduible in Sh(Cgeom
T
, Jgeom
T
). But this ondition or-
responds, under the equivalene [Cart
T
op
,Set] ≃ Sh(Cgeom
T
, Jgeom
T
), to saying
that yart
T
({~x . φ}) is irreduible (equivalently, indeomposable projetive) in
[Cart
T
op
,Set], and this true (fr. Proposition 2.5(iii)).
Conversely, if T is geometri and for any artesian formula φ(~x) over Σ,
ygeom
T
({~x . φ}) is irreduible in Sh(Cgeom
T
, Jgeom
T
) then, denoted by G the full
subategory of Cgeom
T
on the artesian formulae, equivalently the artesian
syntati ategory Cart
T′
of the artesianization T
′
of T (i.e. the theory ax-
iomatized by all the artesian sequents over Σ whih are provable in T), we
have that G is Jgeom
T
-dense (by Lemma D1.3.8 [6℄) and Jgeom
T
|G is the trivial
Grothendiek topology. Thus the Comparison Lemma yields an equivalene
Sh(Cgeom
T
, Jgeom
T
) ≃ [Cart
T′
op
,Set]. Clearly, this equivalene sends the universal
model of T in Sh(Cgeom
T
, Jgeom
T
) to the universal model of T′ in [Cart
T′
op
,Set],
and hene, universal models being onservative, T and T
′
prove exatly the
same geometri sequents over Σ i.e. they are equivalent, as required. 
The `only if' diretion in the following result extends Lemma D3.3.11 [6℄.
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Theorem 3.4. Let T be a geometri theory over a signature Σ. Then T is
equivalent to a regular theory if and only if for any regular formula {~x . φ}
over Σ, for any family {ψi(~x) | i ∈ I} of geometri formulae in the same
ontext, φ ⊢~x ∨
i∈I
ψi provable in T implies φ ⊢~x ψi provable in T for some
i ∈ I.
Proof This follows similarly to Theorem 3.3 by using Lemma 3.2(v) and
Proposition 2.5(iv). 
Theorem 3.5. Let T be a geometri theory over a signature Σ. Then T
is equivalent to a oherent theory if and only if for any oherent formula
{~x . φ} over Σ, for any family {ψi(~x) | i ∈ I} of geometri formulae in the
same ontext, φ ⊢~x∨
i∈I
ψi provable in T implies φ ⊢~x∨
i∈I′
ψi provable in T for
some nite subset I ′ of I.
Proof This follows similarly to Theorem 3.3 by using Lemma 3.2(iv) and
Proposition 2.5(iv). 
3.1 Loally onneted theories
The following result gives a syntati haraterization of the lass of geo-
metri theories lassied by a loally onneted (resp. onneted and loally
onneted) topos.
Theorem 3.6. Let T be a geometri theory over a signature Σ. Then T is
lassied by a loally onneted topos (resp. onneted and loally onneted
topos) if and only if for any geometri formula φ(~x) over Σ there exists a
(unique) family {ψi(~x) | i ∈ I} of T-indeomposable geometri formulae in
the same ontext suh that
(i) for eah i, ψi T-provably implies φ,
(ii) for any distint i, j ∈ I, ψi ∧ ψj ⊢~x ⊥ is provable in T, and
(iii) φ ⊢~x∨
i∈I
ψi is provable in T
(resp. and {[] . ⊤} is T-indeomposable).
Proof Let us suppose that the lassifying topos Sh(Cgeom
T
, Jgeom
T
) of T is
loally onneted. Then, by Lemma D3.3.6 [6℄, given a geometri formula
φ(~x) over Σ, ygeom
T
({~x . φ}) is uniquely expressible as a oprodut of inde-
omposable objets of Sh(Cgeom
T
, Jgeom
T
). Now, sine ygeom
T
(Cgeom
T
) is losed
in Sh(Cgeom
T
, Jgeom
T
) under taking subobjets (Sh(Cgeom
T
, Jgeom
T
) being the ∞-
pretopos ompletion of Cgeom
T
), we an suppose that all the subobjets of
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ygeom
T
({~x . φ}) in Sh(Cgeom
T
, Jgeom
T
), and in partiular the indeomposable ob-
jets arising in our oprodut, are of the form ygeom
T
(c) for some c ∈ Cgeom
T
.
The ondition of the riterion then follows from Lemma 3.2(ii) and the fat
that the funtor ygeom
T
is geometri and full and faithful.
Conversely, if the ondition of the riterion is satised then we have, by
Lemma 3.2(ii) and Proposition 2.2(ii), that the objets of the form ygeom
T
({~y .
ψ}) for a T-indeomposable formula ψ(~y) form a separating set for
Sh(Cgeom
T
, Jgeom
T
) made of indeomposable objets; then Sh(Cgeom
T
, Jgeom
T
) is
loally onneted by Theorem 2.7(i). 
The following result is the oherent analogue of this theorem.
Theorem 3.7. Let T be a oherent theory over a signature Σ. Then T is
lassied by a loally onneted topos (resp. onneted and loally onneted
topos) if and only if for any oherent formula φ(~x) over Σ there exists a
(unique) nite family {ψi(~x) | i ∈ I} of T-indeomposable geometri formu-
lae in the same ontext suh that
(i) for eah i, ψi T-provably implies φ,
(ii) for any distint i, j ∈ I, ψi ∧ ψj ⊢~x ⊥ is provable in T, and
(iii) φ ⊢~x∨
i∈I
ψi is provable in T
(resp. and {[] . ⊤} is T-indeomposable).
Proof The proof proeeds analogously to the proof of Theorem 3.6, by using
Theorem 3.5. 
Remark 3.8. From the proof of the theorems it is lear that, by using the
notion of dense subategory, one an obtain alternative (although equiva-
lent) versions of the riteria. For example, a weaker (in the `if' diretion)
version of the riterion of Theorem 3.6 reads as follows: a geometri theory
T is lassied by a loally onneted topos (resp. onneted and loally on-
neted topos) if and only if there exists a olletion F (resp. a olletion F
ontaining {[] . ⊤}) of T-indeomposable geometri formulae-in-ontext over
Σ suh that for any geometri formula {~y . ψ} over Σ, there exist objets
{~xi . φi} in F as i varies in I and T-provably funtional geometri formulae
{~xi, ~y . θi} from {~xi . φi} to {~y . ψ} suh that ψ ⊢~y∨
i∈I
(∃~xi)θi is provable in
T. Naturally, the `oherent' version of this riterion also holds.
We note that, by Theorem 3.5, if T is oherent and φ(~x) is a oherent
formula over Σ then φ(~x) is T-indeomposable if and only if for any nite
family {ψi(~x) | i ∈ I} of geometri formulae in the same ontext suh that
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for eah i, ψi T-provably implies φ and for any distint i, j ∈ I, ψi ∧ψj ⊢~x ⊥
is provable in T, we have that φ ⊢~x ∨
i∈I
ψi provable in T implies φ ⊢~x ψi
provable in T for some i ∈ I.
Regarding regular theories, their lassifying toposes are always onneted
and loally onneted; this was already observed in [6℄, and also follows from
our Remark 2.4.
We have already notied that any atomi topos E is loally onneted;
in fat, as it is observed in [6℄, the atoms of E are exatly the onneted
(equivalently, indeomposable) objets of E . Hene, in view of Theorem 2.7,
by replaing `T-indeomposable' with `T-omplete' everywhere in the riteria
above, one obtains syntati riteria for a geometri (resp. oherent) theory
to be lassied by an atomi topos; also, one an obtain alternative versions
of these riteria in the same spirit as in Remark 3.8.
Conerning atomi toposes, let us notie that if φ(~x) is a T-omplete
formula then φ(~x) is T-provably equivalent to a regular formula; indeed, this
follows immediately from the fat that any geometri formula is provably
equivalent to a disjuntion of regular formulae (Lemma D1.3.8 [6℄).
We an give the following riterion for a regular theory to be lassied by
an atomi topos.
Proposition 3.9. Let T be a regular theory over a signature Σ. Then T is
lassied by an atomi topos if and only if every regular formula over Σ is
either T-provably equivalent to ⊥ or T-omplete.
Proof Let φ(~x) be a regular formula over Σ. If T is lassied by an atomi
topos then, by the disussion above, φ is expressible as a disjuntion of T-
omplete regular formulae; but this implies, by Theorem 3.4, that either φ
is T-provably equivalent to ⊥ or it is T-provably equivalent to one of these
formulae and hene T-omplete.
Conversely, if every regular formula over Σ is either T-provably equivalent
to ⊥ or T-omplete then, by Lemma 3.2 and the fat that the set of objets
of the form yreg
T
({~x . φ}) for a regular formula φ(~x) over Σ form a separating
set for the lassifying topos Sh(Creg
T
, J reg
T
) of T, we have that Sh(Creg
T
, J reg
T
) of
T has a separating set of atoms and hene, by Theorem 2.7(iii), it is atomi,
as required. 
In passing, we note an interesting property of theories lassied by atomi
toposes.
Theorem 3.10. Let T be a regular (resp. oherent) theory over a signa-
ture Σ whih is lassied by an atomi (equivalently, Boolean) topos. Then
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every geometri formula over Σ is T-provably equivalent to a regular (resp.
oherent) formula over Σ.
Proof Let φ(~x) be a geometri formula over Σ. Then, the lassifying topos of
T being Boolean, ⊤ ⊢~x φ(~x)∨¬
Tφ(~x) is provable in T (where ¬Tφ(~x) denotes
the pseudoomplementation of φ(~x) in SubCgeom
T
({~x . ⊤}) as in [1℄). But,
by Theorem 3.4, ⊤(~x) is T-superompat (resp. T-ompat) and, sine by
Lemma D1.3.8 [6℄ φ(~x) is (T-)provably equivalent to a disjuntion of regular
formulae, it thus follows that φ(~x) is T-provably equivalent to a single regular
formula (resp. a nite disjuntion of regular formulae), as required. 
3.2 Theories of presheaf type
In this setion we give a haraterization of the lass of geometri (resp.
oherent, regular) theories lassied by a presheaf topos.
We reall that a theory lassied by a presheaf topos is said to be of presheaf
type.
Below, for a subanonial site (C, J), we denote by y : C → Sh(C, J) the
fatorization through Sh(C, J) →֒ [Cop,Set] of the Yoneda embedding.
Theorem 3.11. Let (C, J) be a subanonial site suh that y(C) is losed in
Sh(C, J) under retrats. Then Sh(C, J) is equivalent to a presheaf topos if
and only if J is rigid.
Proof The `if' diretion follows at one from the Comparison Lemma. Let us
then prove the `only if' diretion. If E = Sh(C, J) is equivalent to a presheaf
topos then, by Lemma C2.2.20 [6℄, E has a separating set of indeompos-
able projetive objets. Now, suppose A is an indeomposable projetive in
E . Then, as it is observed in the proof of Lemma C2.2.20 [6℄, given any
epimorphi family {fi : Bi → A | i ∈ I}, at least one fi must be a split
epimorphism; in partiular A is JE-irreduible, where JE is the anonial
overage on E . Hene, by taking as epimorphi family the olletion of all
the arrows in E from objets of the form y(c) to A, we obtain that A is a
retrat in E of an objet of the form y(c). Thus, by our hypotheses, A is
itself, up to isomorphism, of the form y(c) for some c ∈ C. Let us denote by
C′ the full subategory of C on the objets c suh that y(c) is indeomposable
and projetive in E ; then the objets in y(C′) form a separating set for E .
Thus, for any objet B of E the family of all the arrows in E from objets
of the form y(c) for c ∈ C′ to B generates a JE-overing sieve. But, J being
subanonial, J = JE |C (by Proposition C2.2.16 [6℄) and hene for any objet
c ∈ C the olletion of all arrows in C from objets of C′ to c is J-overing;
so, by Proposition 2.6(iii), J is rigid. 
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Remark 3.12. We note that, under the hypotheses of the theorem, if C
is Cauhy-omplete (in partiular if C is artesian) then y(C) is losed in
E = Sh(C, J) under retrats. Indeed, let i : A ֌ y(c), r : y(c) ։ A be a
retrat of A in E i.e. r ◦ i = 1A. Then i ◦ r : y(c) → y(c) is idempotent.
Now, sine y is full and faithful, i ◦ r = y(e) for some idempotent e : c → c
in C. Sine C is Cauhy omplete then e splits as s ◦ t where t ◦ s = 1.
Then y(s) and y(t) form a retrat of A and hene, by the uniqueness up to
isomorphism of the splitting of an idempotent in a ategory, it follows that
r is isomorphi to y(t) and i is isomorphi to y(s), and in partiular A is
isomorphi to y(dom(s)).
By Remark 3.12, the regular (resp. oherent, geometri) syntati sites
for regular (resp. oherent, geometri) theories all satisfy the hypotheses of
Theorem 3.11. Thus we obtain the following results.
Corollary 3.13. Let T be a geometri theory over a signature Σ. Then
T is of presheaf type if and only if there exists a olletion F of geometri
formulae-in-ontext over Σ satisfying the following properties:
(1) for any geometri formula {~y . ψ} over Σ, there exist objets {~xi . φi}
in F as i varies in I and T-provably funtional geometri formulae {~xi, ~y . θi}
from {~xi . φi} to {~y . ψ} suh that ψ ⊢~y∨
i∈I
(∃~xi)θi is provable in T;
(2) for any formula {~x . φ} in F , for any family {θi | i ∈ I} of T-
provably funtional geometri formulae {~xi, ~x . θi} from {~xi . φi} to {~x . φ}
suh that φ ⊢~x∨
i∈I
(∃~xi)θi is provable in T, there exist i ∈ I and a T-provably
funtional geometri formula {~x, ~xi . θ
′} from {~x . φ} to {~xi . φi} suh that
φ ⊢~x (∃~xi)(θ
′ ∧ θi) is provable in T.

Note that ondition (2) in the orollary says preisely that {~x . φ} is
T-irreduible; in partiular, {~x . φ} is T-superompat i.e. for any family
{{~x . φi} | i ∈ I} of geometri formulae in the same ontext whih T-provably
imply {~x . φ} and suh that φ ⊢~x∨
i∈I
φi is provable in T, there exists i ∈ I
suh that φi and φ are T-provably equivalent.
The following results are the oherent and regular analogues of this orol-
lary.
Corollary 3.14. Let T be a oherent theory over a signature Σ. Then T is of
presheaf type if and only if there exists a olletion F of oherent formulae-
in-ontext over Σ satisfying the following properties:
(1) for any oherent formula {~y . ψ} over Σ, there exists a nite number
of objets {~xi . φi} in F as i varies in I and T-provably funtional oherent
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formulae {~xi, ~y . θi} from {~xi . φi} to {~y . ψ} suh that ψ ⊢~y ∨
i∈I
(∃~xi)θi is
provable in T;
(2) for any formula {~x . φ} in F , for any nite family {θi | i ∈ I} of
T-provably funtional oherent formulae {~xi, ~x . θi} from {~xi . φi} to {~x . φ}
suh that φ ⊢~x∨
i∈I
(∃~xi)θi is provable in T, there exist i ∈ I and a T-provably
funtional oherent formula {~x, ~xi . θ
′} from {~x . φ} to {~xi . φi} suh that
φ ⊢~x (∃~xi)(θ
′ ∧ θi) is provable in T.

Corollary 3.15. Let T be a regular theory over a signature Σ. Then T is of
presheaf type if and only if there exists a olletion F of regular formulae-in-
ontext over Σ satisfying the following properties:
(1) for any regular formula {~y . ψ} over Σ, there exists an objet {~x . φ}
in F and a T-provably funtional formula {~x, ~y . θ} from {~x . φ} to {~y . ψ}
suh that ψ ⊢~y (∃~x)θ is provable in T;
(2) for any formula {~y . ψ} in F , for any T-provably funtional regular
formulae {~x, ~y . θ} from {~x . φ} to {~y . ψ} suh that ψ ⊢~y (∃~x)θ is provable in
T, there exist a T-provably funtional regular formula {~y, ~x . θ′} from {~y . ψ}
to {~x . φ} suh that ψ ⊢~y (∃~x)(θ
′ ∧ θi) is provable in T.

4 Syntati properties of quotients of theories
of presheaf type
Let T be a theory of presheaf type over a signature Σ. Then, by hoosing
a anonial Morita-equivalene for T (as in [1℄), we have an equivalene of
lassifying toposes [f.p.T-mod(Set),Set] ≃ Sh(Cgeom
T
, Jgeom
T
) sending the uni-
versal model MT of T in the topos [f.p.T-mod(Set),Set] (as in Theorem 3.1
[1℄) into the universal model UT of T in Sh(C
geom
T
, Jgeom
T
) (as desribed in [1℄).
In partiular, if M ∈ f.p.T-mod(Set) is a T-model presented by a formula
φ(~x) over Σ then, denoted by y : f.p.T-mod(Set)op → [f.p.T-mod(Set),Set]
the Yoneda embedding, y(M) is equal to [[~x . φ]]MT and hene orresponds,
under the equivalene
[f.p.T-mod(Set),Set] ≃ Sh(Cgeom
T
, Jgeom
T
), to the funtor ygeom
T
({~x . φ}) =
[[~x . φ]]UT .
Now, if T
′
is a quotient of T then the subtopos of Sh(Cgeom
T
, Jgeom
T
) orre-
sponding to it via Theorem 3.6 [2℄ transfers via the equivalene
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[f.p.T-mod(Set),Set] ≃ Sh(Cgeom
T
, Jgeom
T
) to a subtopos
Sh(f.p.T-mod(Set)op, J) →֒ [f.p.T-mod(Set),Set] of [f.p.T-mod(Set),Set];
the topology J will be alled the assoiated T-topology of T′. This gives rise
to an equivalene Sh(f.p.T-mod(Set)op, J) ≃ Sh(Cgeom
T′
, Jgeom
T′
) of lassifying
toposes for T
′
whih sends l
f.p.T-mod(Set)op
J (M) to the funtor y
geom
T′
({~x . φ}) =
[[~x . φ]]U
T′
.
The following result provides a link between `geometrial' properties of J
and syntati properties of T
′
.
Theorem 4.1. Let T be a theory of presheaf type over a signature Σ, T′ be
a quotient of T with assoiated T-topology J on f.p.T-mod(Set)op and φ(~x)
be a geometri formula over Σ whih presents a T-model M . Then
(i) φ(~x) is T-irreduible; in partiular, φ(~x) is T-provably equivalent to a
regular formula;
(ii) if the site (f.p.T-mod(Set)op, J) is loally onneted (for example when
f.p.T-mod(Set)op satises the right Ore ondition and every J-overing sieve
is non-empty) then φ(~x) is T′-indeomposable;
(iii) if (f.p.T-mod(Set)op satises the right Ore ondition and J is the
atomi topology on (f.p.T-mod(Set)op then φ(~x) is T′-omplete;
(iv) if every J-overing sieve on M ontains a J-overing sieve generated
by a nite family of morphisms (resp. by a single morphism) then φ(~x) is
T
′
-ompat (resp. T
′
-superompat).
Proof (i) By Lemma 3.2(iii), φ(~x) is T-irreduible if and only if ygeom
T
({~x .
φ}) is an irreduible objet of Sh(Cgeom
T
, Jgeom
T
). But, by the disussion above,
this is equivalent to saying that y(M) is irreduible in [f.p.T-mod(Set),Set],
and this is is true by Proposition 2.5(iii). The fat that φ(~x) is T-provably
equivalent to a regular formula then follows from Lemma D1.3.8(ii) [6℄.
(ii) and (iii) By Lemma 3.2(ii) (resp. Lemma 3.2(i)), φ(~x) is T′-indeom-
posable (resp. T
′
-omplete) if and only if ygeom
T′
({~x . φ}) is an indeom-
posable objet (resp. an atom) of Sh(Cgeom
T′
, Jgeom
T′
); but this is equivalent to
saying that l
f.p.T-mod(Set)op
J (M) is an indeomposable objet (resp. an atom) of
Sh(f.p.T-mod(Set)op, J), and this is true by Proposition 2.5(i) (resp. Propo-
sition 2.5(ii)).
(iv) By Lemma 3.2(iii), φ(~x) is T′-ompat (resp. T′-superompat) if
and only if ygeom
T′
({~x . φ}) is a ompat (resp. superompat) objet of
Sh(Cgeom
T′
, Jgeom
T′
); but this is equivalent to saying that l
f.p.T-mod(Set)op
J (M) is a
ompat (resp. superompat) objet of Sh(f.p.T-mod(Set)op, J), and this
is true by Proposition 2.6(i) (resp. Proposition 2.6(ii)). 
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Remark 4.2. The theorem an be protably applied in the ontext of arte-
sian theories. Indeed, if T is a artesian theory then every artesian for-
mula over Σ presents a T-model so that we have an equivalene between
f.p.T-mod(Set)op and the artesian syntati ategory of T. Thus the theo-
rem provides syntati properties of artesian formulae in partiular quotients
of T; for example, for any suh formula φ(~x), part (iii) of the lemma yields
that φ(~x) is T′-omplete where T′ is the Booleanization of T (as dened in
[4℄).
As an appliation of the notion of irreduible objet in a topos, we an
prove the following result.
Theorem 4.3. Let T be a theory of presheaf type over a signature Σ. Then
(i) Any nitely presentable T-model in Set is presented by a T-irreduible
geometri formula φ(~x) over Σ;
(ii) Conversely, any T-irreduible geometri formula φ(~x) over Σ presents
a T-model.
In partiular, the ategory f.p.T-mod(Set)op is equivalent to the full sub-
ategory of Cgeom
T
on the T-irreduible formulae.
Proof We have already observed that we have an equivalene
τ : Sh(Cgeom
T
, Jgeom
T
) ≃ [f.p.T-mod(Set),Set] of lassifying toposes for T.
Now, if Cirr
T
is the full subategory of Cgeom
T
on the T-irreduible formulae
then, by Theorem 3.11, we have that Sh(Cgeom
T
, Jgeom
T
) ≃ [(Cirr
T
)op,Set] via
the Comparison Lemma (fr. the proof of Theorem 2.5). Now, if C˜irr
T
→֒
Cgeom
T
is the Cauhy-ompletion of Cirr
T
then [(Cirr
T
)op,Set] ≃ [(C˜irr
T
)op,Set]
and the resulting equivalene [ ˜Cirr
T
op
,Set] ≃ [f.p.T-mod(Set),Set] restrits
to an equivalene l : C˜irr
T
≃ f.p.T-mod(Set) between the subategories of
indeomposable projetive objets. Now, given {~x . φ} ∈ C˜irr
T
, τ sends the
funtor ygeom
T
({~x . φ}) = [[~x . φ]]UT to y(l({~x . φ})) = [[~x . φ]]MT, from
whih it follows that the model l({~x . φ}) is nitely presented by {~x . φ}.
Then, by Theorem 4.1(i), φ(~x) is T-irreduible. So we onlude that C˜irr
T
is
equal to Cirr
T
i.e. Cirr
T
is Cauhy omplete, and hene l gives an equivalene
C˜irr
T
≃ f.p.T-mod(Set). It is easy to verify that this equivalene oinide with
the dualizing funtor d of Theorem 3.6 [1℄. 
Remark 4.4. As an appliation of Theorem 4.3 and Remark 2.9, suppose
that J is the assoiated T-topology of a quotient T′ of T. Then, if for
any T-irreduible formula (equivalently, formula presenting a T-model) φ(~x),
φ(~x) is T′-indeomposable (resp. T′-omplete) then the lassifying topos
Sh(f.p.T-mod(Set)op, J) of T′ is loally onneted (resp. atomi); indeed,
17
as observed above, φ(~x) is T′-indeomposable (resp. T′-atomi) if and only
if ygeom
T′
({~x . φ}) is an indeomposable objet (resp. an atom) of the topos
Sh(Cgeom
T′
, Jgeom
T′
), if and only if l
f.p.T-mod(Set)op
J (M) is an indeomposable objet
(resp. an atom) of Sh(f.p.T-mod(Set)op, J).
Aknowledgements: I am grateful to my Ph.D. supervisor Peter
Johnstone for useful disussions.
18
Referenes
[1℄ O. Caramello, Universal models and denability (2009),
arXiv:math.CT/0906.3061.
[2℄ O. Caramello, Latties of theories (2009), arXiv:math.CT/0905.0299.
[3℄ O. Caramello, Atomi toposes and ountable ategoriity (2008),
arXiv:math.CT/0811.3547v1.
[4℄ O. Caramello, De Morgan lassifying toposes (2008),
arXiv:math.CT/0808.1519v1.
[5℄ P. T. Johnstone, Skethes of an Elephant: a topos theory ompendium.
Vol.1, vol. 43 of Oxford Logi Guides (Oxford University Press, 2002).
[6℄ P. T. Johnstone, Skethes of an Elephant: a topos theory ompendium.
Vol.2, vol. 44 of Oxford Logi Guides (Oxford University Press, 2002).
[7℄ S. Ma Lane and I. Moerdijk, Sheaves in geometry and logi: a rst
introdution to topos theory (Springer-Verlag, 1992).
[8℄ M. Makkai and G. E. Reyes, First order ategorial logi, Leture Notes
in Math. vol. 611 (Springer-Verlag, 1977).
19
